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1. INTRODUCTION
w x  .In 6 , Cooke studied the asymptotic behavior of the solutions x t of
the equation
x t s ax t y r x , a - 0 1 .  .  . .Ç
and obtained the asymptotic representation
atx t s e j q o 1 , as t ª `, 2 .  .  .
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ASYMPTOTIC INTEGRATION 655
where j is constant. It is not clear how one might extend Cooke's result to
the nonautonomous case
x t s a t x t y r t , x . 3 .  .  .  . .Ç
 .The natural analogue of formula 2 , namely
t
x t s exp a s ds j q o 1 , as t ª `, 4 .  .  .  .H /
 .  .  . ytis not valid for all solutions of 3 , as the example a t s e, r t, x s xe
 t  .  .. w xshows in this example, x s e satisfies 3 but not 4 . See 3, 8, 18 . In this
 .paper we show, however, that when r s r t, x is ``small'' in some sense,
 .  .the asymptotic behavior of the solutions of 3 is in fact given by 4 . For
example, we can show that the formula
t Ax t s e j q o 1 , as t ª `, .  .
where j is a constant vector, will be valid for the system
x t s Ax t y r t , x , .  . .Ç
where A is any constant matrix, provided the lag r satisfies a certain
 .  .  .smallness condition. This is the case for r t, x s r t r t, x with r g1 2 1
 .L I and r bounded. See Examples 2 and 3 below. In particular, we can1 2
 .treat equation 3 for a s constant ) 0; this case was not studied by
w xCooke in 4]6 .
w x nLet B 0, b ; C be a closed ball centered at the origin with radiusn
w . w x w xb ) 0 and consider the continuous function r : 0, ` = B 0, b ª 0, t ,n
w x nwhere t ) 0. When b s `, we let B 0, b s C . Below we will establishn
 .an asymptotic formula similar to 4 for the following functional system of
time-state dependent, bounded delay,
x t s A t x t y r t , x t , 5 .  .  .  . . .Ç
 . w .where A s A t is a continuous n = n matrix defined on I s 0, ` .
 .Stability properties of the solutions of Eq. 5 have been studied in
w x10, 11, 13]19 . As it turns out, this asymptotic formula is a corollary of our
results for the system
x t s A t x t q f t , x t y r t , x t y x t , 6 .  .  .  .  .  . . . .Ç
w x n  .where f : I = B 0, 2b ª C satisfies the following hypothesis F :n
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 .F f is a continuous function and
< <f t , x F m t x , 7 .  .  .
for some continuous function m : I ª I which satisfies certain smallness
conditions.
That our f satisfies this hypothesis will enable us to apply Hale's
w x  .  . w x .fundamental theory 10 to the study of Eqs. 5 and 6 . See 1, 7, 9, 19]21 .
 .Now, the analogue of 4 is
`
x t s F t j q O l s ds , as t ª `, 8 .  .  .  .H / /t
where l is some L -function and F is a fundamental matrix solution of1
y t s A t y t . 9 .  .  .  .Ç
 .  .We will establish the existence of solutions x of Eq. 6 satisfying 8 for
< < 5 5some j . Conversely, we will show that for all j with j - br F , there`
 . w xexists a solution x satisfying 8 ; Cooke 6 was able to prove this only for
 .j g ybr4, br4 . Our results are also valid for b s ` where F need not
be bounded.
We will also establish, assuming only that l g L , the existence of1
 .  .solutions of 6 satisfying 8 for all initial functions belonging to a certain
 .class of Lipschitz functions see Theorems 1 and 2 below . Moreover,
under an additional uniform smallness hypothesis, we obtain the same
 .result for all continuous initial functions Theorem 3 . We have also been
 .able to prove always under the integrability condition l g L that our1
 .results will remain valid for any x satisfying 6 as soon as this equation
has a unique solution with respect to our small class of initial functions.
This class of initial functions can in fact be narrowed down to a subset of
1. .C .
When b s `, F need not be bounded and hence our methods work well
in cases not covered by Cooke. We give a number of examples.
w xAs in 6 , we prove our results using Tychonoff's fixed point theorem
applied to an integral operator T. Where our approach differs from
Cooke's is in that we make heavy use of some important properties of the
functions y s Tx, notably their differentiability. This method simplifies the
computations involved and enables us to obtain stronger results. It is also
the key to determining the T-invariant class of Lipschitz functions contain-
ing the fixed point of T this class has been considered before by the
w x.second author, see 13 . Moreover, using this method in two different
 .ways, we can establish the existence of functions x satisfying 8 for some j
as well as show that given j such an x always exists.
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2. MAIN RESULTS
 .For a fundamental matrix F of the linear ordinary system 9 and a
matrix A we define
Ã Ã .  .  .  .  .1 A t s A t if t G 0 and A t s A 0 if t - 0; and
Ã5 5A s sup A s for t G 0. .t
tytFsFt
Ã . 5 5 <  . <2 F s sup F s for t G 0.2t ty2t F sF t
 .3 For b - ` and F bounded
m t s sup r t , z for t G 0, .  .b
y1<  . < 5 5F t z Fbr F `
5 5  <  . < 4where F s sup F t : t G 0 .`
 .4 For b s ` and D ) 0
m t s sup r t , z for t G 0. .  .` , D
y1<  . <F t z FD
 .  .5 For m s sup m sÃt tyt F sF t
y15 5 5 5l t s m t ? Max A , m F t F t ? m t , t G 0. 4 .  .  .  .2b t t c b
y1 .  .  . 5 5 4 5 5  .6 l t s m t ? Max A , m F t F ? m t , t G 0. . 2`, D t t t `, D
Further, for t G 0 and D ) 0, let L denote the class of continuous0 t , D0w x n < y1 .  . <functions f : t y t , t ª C such that F s f s F D for all s g0 0
w xt y t , t and0 0
X X5 5 5 5f t y f s y t F 3D Max A , m F t y s y t 4 .  .  . .20 s s s 0
 X. w x w x Xfor s, t g t , t q t = 0, t and s y t - t .0 0 0
 .THEOREM 1. Assume that F is bounded and that l g L I . Letb 1
n < <c g C , c - D , and t G 0 satisfy0
`
< <c q 3D l s ds F D , 10 .  .H b
t0
5 5  .where 0 - D F br F is arbitrary. Then for any f g L such that f t` t , D 00
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 .s F t c, the problem0
x t s A t x t q f t , x t y r t , x t y x t , t G t .  .  .  .  . . . .Ç 0 x t s f t , t y t F t F t .  . 0 0
11 .
< y1 .  . <has a solution x defined for t G t satisfying F t x t F D and0
`
x t s F t j q O l s ds , as t ª `, 12 .  .  .  .H b / /t
< <for some j , j F D.
w . n.Proof. Let E s C t y t , ` , C be the Frechet space equipped with0
the compact-open topology. For f g L , we let C denote the subset oft , D0 Ã y1<  . <  .  . <E consisting of those functions x such that x sf t ; F t x t Fw t yt , t x0 0
D if t G t ; and0
X X5 5 5 5x t y x t F 3D Max A , m ? F t y t 4 .  .  .2t t t
for t and tX G t and 0 F t y tX F t . Consider the map0
T : C ª E
x ª T x s y , .
where
t y1y t sF t cq F s f s, x syr s, x s yx s ds , tG t .  .  .  .  . . . .H 0 /t0
y t s f t , t y t F t F t . 13 .  .  .0 0
 . w .It is clear that for any x g C , y s T x is well defined on t y t , q`0
 .and T x s y g E. We will prove that
 .  .i T C : C ,
 .ii T is continuous on C , in the compact-open topology, and
 .iii C is a closed, convex, and compact set.
 .  .Let us assume for a moment that i ] iii have been proved. Then, by
 .Tychonoff's fixed point theorem, there exists x g C such that T x s x.
Therefore
t y1x t sF t cq F s f s, x syr s, x s yx s ds , tG t , .  .  .  .  . . . .H 0 /t0
and
x t s f t , t y t F t F t , .  . 0 0
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and so
x t s A t x t q f t , x t y r t , x t y x t , for t G t . .  .  .  .  . . . .Ç 0
 . < y1 .  Moreover, the inequality 14 below shows that F s f s, x s y
  ...  .. <  .  .r s, x s y x s F l s g L I , whenceb 1
`
y1x t s F t c q F s f s, x s y r s, x s y x s ds .  .  .  .  . . . .H t0
`
y1y F s f s, x s y r s, x s y x s ds . .  .  . . . .H /t
Consequently
`
x t s F t j q O l s ds , as t ª `, .  .  .H b / /t
 . ` y1 .     ...that is, x satisfies 12 with j s c q H F s f s, x s y r s, x s yt0
 .. < < < < `  .x s ds. Furthermore, j F c q 3DH l s ds F D.t b0
 .  .Proof of i . Let x g C , and set y s T x . Then for s G t , we have0
5 5 5 5x s y r s, x s y x s F 3D Max A , m ? F ? m s . 14 4 .  .  .  . . . 2s s s b
  ..  .In fact, if s G t and s y r s, x s G t , then by definition of C0 0
5 5 5 5x s y r s, x s y x s F 3D Max A , m F r s, x s 4 .  .  . .  . . 2s s s
5 5 5 5F 3D Max A , m F m s . 4  .2s s s b
  ..On the other hand, if s G t and s y r s, x s - t , the fact that f g L0 0 t , D0
implies
x s y r s, x s y x s .  . . .
F x s y x t q x t y x s y r s, x s .  .  .  . . .0 0
F x s y x t q f t y f s y r s, x s .  .  .  . . .0 0
5 5 5 5F 3D Max A , m F s y t 4  .2s s s 0
5 5 5 5q 3D Max A , m ? F t y s y r s, x s 4  . . . .2s s s 0
5 5 5 5F 3D Max A , m F r s, x s 4  . .2s s s
5 5 5 5F 3D Max A , m F m s . 4  .2s s s b
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 .Thus 10 implies that, if t G t , then0
ty1 y1< <F t y t F c q F s f s, x s y r s, x s y x s ds .  .  .  .  . . . .H
t0
t y1< <F c q F s m s x s y r s, x s y x s ds .  .  .  . . .H
t0
t y1< < 5 5 5 5F c q 3D m s Max A , m ? F s F m s ds 4 .  .  .H 2s s s b
t0
t
< <s c q 3D l s ds F D . .H b
t0
Now, for t and tX G t and 0 F t y tX F t , we get0
tXy t y y t s y s ds, .  .  .ÇH
Xt
w .since y is a differentiable function on t , ` . Moreover0
y s s A s y s q f s, x s y r s, x s y x s .  .  .  .  . . . .Ç
and hence
y s F A s y s q m s x s y r s, x s y x s .  .  .  .  .  . . .Ç
F A s y s q m s x s y r s, x s q m s x s .  .  .  .  .  . . .
y1 y1s A s F s F s y s q m s F s F s x s .  .  .  .  .  .  .  .
q m s x s y r s, x s . .  . . .
X X <    ... < < In addition, if t - sF t and 0F tyt Ft , then x syr s, x s s F s y
  ... y1   ...    ... < <    ... <r s, x s F s y r s, x s x s y r s, x s F D F s y r s, x s F
5 5 5 5 <  . < 5 5 5 5D F F D F . T h u s y s F D A FÇ2 2s t t t
5 5 5 5 5 5 45 5qDm F q Dm F F 3D Max A , m F , and so2 2 2t t t t t t t
tX 5 5 5 5y t y y t F 3D Max A , m F ds 4 .  . H 2t t tXt
5 5 5 5 Xs 3D Max A , m F t y t . 4  .2t t t
 .This gives T C : C , as desired.
 .  4`Proof of ii . Let x g C and let x ; C be a sequence such thatn ns1
x ª x as n ª `, in the compact-open topology. We will show thatn
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 .  . w xT x ª T x as n ª ` in C. Let t , L be an interval. We will estimaten 0
<  . .  . . <T x t y T x t for n large enough, using the uniform continuity of xn
w x w x w x w xon t y t , L , that of r on t , L = B 0, b , and that of f on t , L =0 0 n 0
w xB 0, 2b . In factn
 .a For any d ) 0, there is an N such that n G N implies1 1
w xx s y x s - dr3, for s g t y t , L . .  .n 0
 . w x w xb By the uniform continuity of f on t , L = B 0, 2b , for any0 n
< X < <  .  X. <« ) 0 there exists d ) 0 such that y y y - d implies f t, y y f t, y
X X w <  . <. L < y1 . < x X- « , where « is such that Max F t H F s ds « s « .t gw t , L x t0 0
 . w xc In addition, by the uniform continuity of x on t y t , L there is0
a g ) 0 such that
X X X< <w xt , t g t y t , L ; t y t - g implies x t y x t - dr3. .  .0
 . w x w xd Moreover, since r is uniformly continuous on t , L = B 0, b ,0 n
X  .  X X. w x w x < .there is g such that if t, x , t , x g t , L = B 0, b and t, x y0 n
 X X . < X <  .  X X. <t , x - g then r t, x y r t , x - g .
<  .  . <Now let N be such that n G N implies x s y x s - dr3, for every2 2 n
w x <   ..   .. <s g t , L . Then, n G N implies r s, x s y r s, x s - g , for any0 2 n
w x w x <   ... s g t , L . Thus, since for any s g t , L we have s y r s, x s y s0 0 n
  ... <    ...    ... w xy r s, x s - g and s y r s, x s , s y r s, x s g t y t , L , then 0
w xuniform continuity of x on t y t , L implies that0
w xx s y r s, x s y x s y r s, x s - dr3, for s g t , L . .  . . . . .n 0
 .On the other hand if n G N then, by a and the fact that s y1
  .. w x w xr s, x s g t y t , L for s g t , L , we haven 0 0
x s y r s, x s y x s y r s, x s - dr3 .  . .  . .  .n n n
w x  4 w xfor every s g t , L . Finally, if n G Max N , N and s g t , L , we have0 1 2 0
x s y r s, x s y x s y x s y r s, x s y x s .  .  .  . . . . .n n n
F x s y r s, x s y x s y r s, x s .  . . . . .n
q x s y r s, x s y x s y r s, x s .  . .  . .  .n n n
q x s y x s .  .n
F dr3 q dr3 q dr3 s d .
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 .Thus, by b ,
Xf s, x syr s, x s yx s y f s, x syr s, x s yx s F« .  .  .  . . . .  . . .n n n
w xand hence for t g t , L , we have0
T x t y T x t .  .  .  .n
t y1F F t F s f s, x s y r s, x s y x s .  .  .  . . . .H n n n
t0
y f s, x s y r s y x s ds .  . . . .
tX y1F « F t F s ds .  .H
t0
LX y1F « Max F t F s ds s « . .  . .Ht gw t , L x0
t0
This proves the continuity of T with respect to the topology of uniform
w .convergence on compacts subsets of t , ` .0
 .Proof of iii . C is obviously a closed and convex set. To prove the
compactness of C , we first note that every x g C is a Lipschitz function
w xon any given interval t , L , and the Lipschitz constant involved is inde-0
w xpendent of x. It follows that C is equicontinuous on t , L . Since every0
w x  5 5 .x g C is uniformly bounded on t , L with bound D F , we canw t , L x0 0
w x w xapply the Arzela]Ascoli theorem on t , t q 1 , t , t q 2 , etc., to any0 0 0 0
 4  4given sequence x in C. Thus we can find a subsequence of x whichn n
 .converges to x uniformly on compacts. By iii , x belongs to C. This shows
that C is sequentially compact, hence compact. This completes the proof
of Theorem 1.
w x nIn the case b s `, i.e., B 0, b [ C , we do not need to assume that Fn
is bounded:
 . nCOROLLARY 1. Assume that, for D ) 0, l g L I . Let c g C and`, D 1
t G 0 be such that0
`
< <c q 3D l s ds F D . 15 .  .H ` , D
t0
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 .  .  .Then, for any f g L with f t s F t c, problem 11 has a solution x,t , D 0 00w . < y1 .  . <defined on t , ` and satisfying F t x t F D , such that0
`
x t s F t j q O l s ds , as t ª `, 16 .  .  .  .H ` , D / /t
< <for some j with j F D.
As a converse of Theorem 1, we have:
 .THEOREM 2. Assume that F is bounded and l g L I . Suppose thatb 1
5 5 n < <0 - D F br F . Then for e¨ery j g C with j - D and t G 0 such that` 0
`
< <j q 3D l s ds F D , 17 .  .H b
t0
 .there exists a solution x of Eq. 5 , defined for t G t , whose asymptotic0
 . < y1 .  . <beha¨ior is gi¨ en by 12 and such that F t x t F D.
n < <  .Proof. Let j g C with j - D and let t G 0 satisfy 17 . Consider0
w . n.the set C : C t y t , ` , C [ E, of all functions x g E such that x is0 0
w x < y1 .  . <constant on t y t , t , F t x t F D for t G t , and0 0 0
X X5 5 5 5x t y x t F 3D Max A , m ? F t y t 4 .  .  .2t t t
for t and tX G t and 0 F t y tX F t . Define the function0
A : C ª E0
x ª A x s y .
given by
`
y1y t sF t jy F s f s, x syr s, x s yx s ds if tG t .  .  .  .  . . . .H 0 /t
y t s y t if t y t F t F t . .  .0 0 0
 . y1 .     ...Since x g C , 14 holds and therefore F s f s, x s y r s, x s yo
 .. w .. w .x s g L t , q` . Then y is well defined on all of t y t , q` , and1 0 0
clearly y g E.
 .  .  .As before, we will prove that: i A C : C , ii A is continuous on Co o o
 .in the compact-open topology, and iii C is a closed, convex, and compacto
set.
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Tychonoff's fixed point theorem guarantees the existence of an x in Co
 .with A x s x. That is,
`
y1x t sF t jy F s f s, x syr s, x s yx s ds , tG t .  .  .  .  . . . .H 0 /t
x t s x t , t y t F t F t . .  .0 0 0
Then
x t s A t x t q f t , x t y r t , x t y x t , t G t .  .  .  .  . . . .Ç 0
 .and, by 14 ,
`
x t s F t j q O l s ds , as t ª `. .  .  .H b / /t
 .  .Proof of i . Given x g C , let y s A x . By definition of A, y iso
w xconstant on t y t , t . Moreover, by an argument analogous to that used0 0
< y1 .  . <in the proof of Theorem 1, we can show that F t y t F D for t G t ,0
and that for t and tX G t and 0 F t y tX F t ,0
X X5 5 5 5y t y y t F 3D Max A , m ? F t y t . 4 .  .  .2t t t
 .Thus A C : C , as required.o o
 .  4Proof of ii . Let x be a sequence in C with x ª x; then x g C .n o n o
 .  .We will prove that A x ª A x in the compact-open topology. Letn
w x w xt , L be an interval and let t g t , L . Putting0 0
D x , s s f s, x s y r s, x s y x s .  .  . . . .n
y f s, x s y r s, x s y x s .  . . . .n n n
y1 .  .we see that for any s G t , lim F s D x, s s 0. Then by Lebesgue's0 nª` n
` y1 .  .dominated convergence theorem, lim H F s D x, s ds s 0, andnª` t n0
 . ` y1 .  . w xtherefore lim F t H F s D x, s ds s 0 uniformly on t , L . Con-nª` t n 00
sequently
`
y1A x t y A x t F F t F s D x , s ds ª 0 .  .  .  .  .  .  .Hn n
t
w x  .  .as n ª `, uniformly on t , L . This proves that A x ª A x uniformly0 n
w x  .  .on any compact t , L , and analogously we obtain that A x ª A x ,0 n
w xuniformly on t y t , t . Thus A is continuous in the compact-open0 0
topology.
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 .Proof of iii . The proof is basically the same as that of the correspond-
ing fact used in the proof of Theorem 1.
Once again, when b s ` there is no need to assume that F is bounded:
 .COROLLARY 2. Assume that for D ) 0, l g L I . Then for any`, D 1
n < <  .j g C with j - D , there exists t G 0 satisfying 12 such that problem0
 .  .11 has a solution x defined for t G t , which satisfies 16 and such that0
< y1 .  . <  .F t x t F D. In particular, if l g L I for any r ) 0, then for all`, D 1
n  .j g C there exists t large enough so that problem 11 has a solution defined0
w .  .on t , ` which satisfies formula 16 .0
3. EXISTENCE FOR ANY CONTINUOUS INITIAL
FUNCTION
We wish now to extend the class of initial functions L to the classt , D0w x nC of all continuous initial functions f : t y t , t ª C satisfyingt , D 0 00
< y1 .  . <F t f t F D. Let t be the first real G t such that1 0
t y m t s t and s y m s ) t for s ) t . .  .1 1 0 0 1
We have
 .THEOREM 3. Assume that F is bounded and l g L I . Suppose alsob 1
that for sufficiently large t
t y1 5 5g t s m s F s F ds .  .  .H s
 .tym t
is small. Let c g Cn and t G t satisfy0
`
< <c q 2Dg t q 3D l s ds F D , 18 .  .  .H1 b
t1
5 5  .  .where 0 - D F br F . Then, for any f g C with f t s F t c, prob-` t , D 0 00
 .  .lem 11 has a solution x satisfying 12 .
n  . wProof. Take c g C and let t G t satisfy 18 . Let E s C t y0 0
. n.  .  .t , q` , C . For f g C with f t s F t c, define D to be the sett , D 0 00
< < y1 .  . <consisting of all x g E such that x s f, F t x t F D forw t yt , t x0 0
t G t , and0
X X5 5 5 5x t y x t F 3D Max A , m ? F t y t 4 .  .  .2t t t
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X X  .for t G t , t G t , and 0 F t y t F t . Define T : D ª E as in 13 . We0 0
 . < y1 .  . <will show that T D : D. First, we note that F t y t F D for t G t .0
Suppose t F t F t . Then0 1
ty1 y1F t y t s c q F s f s, x s y r s, x s y x s ds .  .  .  .  . . . .H
t0
< y1 .  . < < < t < y1 . <  . <    ... < <  . <4and so F t y t F c q H F s m s x s y r s, x s q x s ds.t0
<    ... < <    ... < 5 5 <  . < <  . <But x s y r s, x s F D F s y r s, x s F D F and x s F D F ss
5 5  . < y1 .  . < < < t  . < y1 . < 5 5F D F . Thus, by 18 , F t y t F c q H 2Dm s F s F ds Fs t s0
< <  .c q 2Dg t F D. Now, for t G t , we have1 1
t1y1 y1F t y t s c q F s f s, x s y r s, x s y x s ds .  .  .  .  . . .H
t0
t y1q F s f s, x s y r s, x s y x s ds .  .  . . . .H
t1
and therefore
y1 < <F t y t F c q 2Dg t .  .  .1
t y1q F s f s, x s y r s, x s y x s ds. .  .  . . . .H
t1
  ..  . <  .Next, since s G t and s y r s, x s G s y m s ) t , we have x s y1 0
   ... < 5 5 4 5 5  .x s y r s, x s F 3D Max A , m ? F m s , and it follows that2s s s
`
y1 < <F t y t F c q 2Dg t q 3D l s ds F D . .  .  .  .H1 b
t1
< y1 .  . <This proves that F t y t F D for t G t . The rest of the proof is0
entirely analogous to the corresponding argument in the proof of Theo-
rem 1.
As usual, if b s ` then F need not be bounded:
 . nCOROLLARY 3. Suppose that for D ) 0, l g L I . Let c g C and`, D 1
t G t satisfy0
`
< <c q 2Dg t q 3D l s ds F D . .  .H1 ` , D
t1
 .  .  .Then for any f g C with f t s F t c, problem 11 has a solution xt , D 0 00
 . < y1 .  . <satisfying 16 and such that F t x t F D.
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4. ASSUMING UNIQUENESS
 .To conclude, we will show that if problem 11 has a unique solution x
 .for any given initial function f, then every solution x of problem 11
 .which is initially small will satisfy 12 .
Consider the problem
x t s A t x t q f t , x t y r t , x t y x t , t G t .  .  .  .  . . . .Ç 0 x t s f t , t y t F t F t , .  . 0 0
19 .
w xwhere t G 0 and f is any continuous function on t y t , t , with values0 0 0
in Cn.
 .Let us assume that problem 19 has a unique solution whenever
 .f g L . We will show that any solution x of Eq. 19 defined fort , D0 w x  .t G s G 0 which is small enough on the interval s y t , s satisfies 12 ,0 0 0
< < 5 5 5 5for some j with j F D , where 0 - D F br F if F - ` and b - `.` `
 . < <When b s `, x will be shown to satisfy 16 for some j with j F D ,
5 5where D ) 0. In fact, it will be enough to know that x is sufficientlys0
small.
 .LEMMA 1. Suppose 0 F s F t - ` and let x be a solution of Eq. 190 0
w .defined on s y t , ` . Then for any « ) 0 there exists d ) 0 such that if0
5 5 < y1 .  . < w xx F d then F t x t F « for all t g s , t .s 0 00
 . w .Proof. Let x be a solution of Eq. 19 on s y t , ` . Then0
t
x t s x s q A s x s q f s, x s y r s, x s y x s ds. .  .  .  .  .  . . . .H0
s0
<  . < <  . < t <  . < <  . <  . <    ...Therefore x t F x s q H A s x s q m s x s y r s, x s y0 s0
 . <. <    ...  . < 5 5 <  . <x s ds. But x s y r s, x s y x s F 2 x . Consequently, x t Fs
<  . < t <  . <  ..5 5 5 5 5 5 t <  . <x s q H A s q 2m s x ds and so x F x q H A s q0 s s t s s0 0 0
 ..5 52m s x ds.s
5 5 5 5 t <  . <Next, by Gronwall's inequality, we have x F x exp H A s qt s s0 0
 .. <  . < 5 5 t <  . <  ..2m s ds. Thus, for t G s , x t F x exp H A s q 2m s ds.0 s s0 0
 < y1 . < 4Now let S s sup F t ; s F t F t and define d by0 0
« t00 - d F ? exp y A s q 2m s ds . .  . .H /S s0
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5 5 < y1 .  . < w xFor this d , x F d implies F t x t F « on s , t ; in fact,s 0 00
< y1 .  . < < y1 . < <  . < <  . < 5 5  t0 <  . <  .. .F t x t F F t x t F S x t F S x exp H A s q 2m s dss s0 0
F « . This proves Lemma 1.
Now, we will show that if we have uniqueness with respect to the class of
 .initial functions L , then any solution x of Eq. 19 which is initiallyt , D0
 .small enough satisfies 12 .
 .THEOREM 4. Assume that problem 19 has the uniqueness property with
respect to the class of initial functions L . Thent , D0
 .a if the hypotheses of Theorem 1 hold, then any solution u of problem
 .  .19 satisfies 12 , and
 . nb if the hypotheses of Theorem 2 hold, then for e¨ery j g C with
< <  . y1 .  .j - D , any solution u of problem 19 such that F t u t ª j as t ª `
 .satisfies 12 .
Proof.
 .  . w .  .a Let u be a solution of Eq. 19 defined on s y t , q` s G 0 .0 0
`  . 5 5Let t G s y t be such that H l s ds F 2r9, where 0 - D F br F .`0 0 t b0
5 5Therefore, by Lemma 1, there exists d ) 0 such that u F d impliess0
< y1 .  . < w x < y1 .  . <F t u t F Dr3 on s y t , t q t . Thus, we have F t u t q0 0 0 0
`  .  .3DH l s ds F Dr3 q 2Dr3 s D and hence 10 holds with c st b0y1 .  .F t u t . Consequently, if0 0
<u g L ,w t yt , t x t , D0 0 0
 .then Theorem 1 implies that there exists a solution x of Eq. 19 , with
<  .initial function f s u , satisfying 12 . Moreover, the uniqueness ofw t yt , t x0 0
 . w .the solutions of 19 implies that u s x on t , q` , and therefore u0
 . <satisfies 12 . We will now prove that u g L . Since u is aw t yt , t x t , D0 0 0
 . w .solution of Eq. 19 on s , q` , we obtain0
u t s A t u t q f t , u t y r t , u t y u t , t G s , .  .  .  .  . . . .Ç 0
whence
u t F A t u t q m t u t y r t , u t y u t .  .  .  .  .  . . .Ç
F A t u t q m t u t q m t u t y r t , u t .  .  .  .  .  . . .
5 5F D A t F t q Dm t F t q Dm t F .  .  .  .  . t
5 5F 3D Max A t , m t F 4 .  . t
w x  X. w x w xfor any t g s y t , t q t . Now let s, t g t , t q t = 0, t be such0 0 0 0
X  X .that s y t - t . By the mean value theorem, there exists n g s y t , t0 0
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<  .  X. < <  . <  X.. <  . such that u t y u s y t F u n t y s y t . Then u t y u s yÇ0 0 0
X. < <  . <  X ..  <  . <  .45 5  X ..t F u n t y s y t F 3D Max A n , m n F t y s y t .Ç 0 n 0
X  <  . <  .45 5But s y t - n - t - s, whence 3D Max A n , m n F F 3D0 n
5 5 45 5 <  .Max A , m F . Therefore u g L . The proof of a is now2 w t yt , t xs s s t , D0 0 0
complete.
 .  . w .b Let u be a solution of Eq. 19 defined on s y t , ` , s G 0,0 0
y1 .  .such that F t u t ª j as t ª `. By Theorem 2, there exists a solution
 . w .  .x of Eq. 19 defined on t , ` , where t is large enough, satisfying 12 .0 0
 . w .The uniqueness of problem 19 implies then that x s u on t , ` , and it0
 .follows that u satisfies 12 .
For b s `, we have
 .THEOREM 5. Assume that problem 19 has the uniqueness property with
respect to the class of initial functions L . Suppose also that we are in thet , D0
case b s `. Then
 .a if the hypotheses of Corollary 1 hold, any solution x initially small of
 .  .Problem 19 satisfies 16 , and
 . nb if the hypotheses of Corollary 2 hold, then for e¨ery j g C with
y1< <  .  .  .j - D , any solution x such that F t x t ª j as t ª ` satisfies 16 .
5. EXAMPLES
 .1 Consider the equation
x t s A t x t q B t x t y r t , x t 20 .  .  .  .  .  . . .Ç
or equivalently,
x t s A t q B t x t q B t x t y r t , x t y x t . .  .  .  .  .  .  . . .Ç
 .  .  .  .  .Define l t , i s 1, 2, by l t s l t and l t s l t , i.e.,i 1 b 2 `
y15 5 5 5l t s B t Max A q B , B F t F m t . 4 .  .  .  .  .2ti t t i
 . ` <  . < 5 5 5 5.1.1 Assume that H B t A q B dt - ` and that0 t t
< y1 . 5 5F t F is bounded, where F is a fundamental matrix of the system2t
  .  ..  .y s A t q B t y. Then Eq. 20 has a solution x g C satisfying theÇ
 .asymptotic formula 12 .
n < < 5 5Conversely, for every j g C with j - br F , there exist t G 0 and` 0
 .  .a solution x g C of Eq. 20 which satisfies 12 .
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 .  .1.2 Similar conclusions are obtained if one assumes that B t is
`5 5 < y1 . < 5 5  . ` < y1 . < 5 5bounded, H A ? F t ? F ? m t dt - ` and H F t F ?2 20 t t i 0 t
 .m t dt - `.i
 .  .2 Let us consider Eq. 5 of the Introduction, namely
x t s A t x t y r t , x .  .  . .Ç
` <  . < 5 5 < y1 . < 5 5  .under the hypothesis H A t A F t F m t dt - `. Then, if F20 t t b
 .is bounded, problem 19 has a solution x g C satisfying the asymptotic
 .formula 12 or, equivalently,
`
x t s F t j q O l s ds , as t ª `, 21 .  .  .  .H b / /t
< < 5 5for some j with j F br F . Applying Theorem 2, we see that for every`
n < < 5 5j g C with j - br F , there exist t G 0 and a solution x g C of Eq.` 0 o
 .  .5 satisfying 12 .
w . n w xRemark. If r : 0, ` = C ª 0, t is continuous and
y15 5 5 5l t s A t A F t F m t .  .  .  .2r t t ` , r
 .is in L I for some r ) 0, then the requirement that F be bounded may1
be removed and the conclusion
`
x t s F t j q O l s ds , as t ª `, .  .  .H r /t
 .follows from Corollaries 1 and 2. In particular, if l g L I for any r ) 0,r 1
then for every j g Cn there exists such a solution x.
 .  . `  .2.1 Suppose now that A t s A is constant and H m t dt - `. In0 b
 .this case, Eq. 5 takes the form
x t s Ax t y r t , x t . 22 .  .  . . .Ç
w x w x t ALet r : I = B 0, b ª 0, t be continuous and assume that e is bounded.n
 . < < 2 < yt A < 5 t A 5  .  .Then l t s A e e ? m t g L I . By Theorem 1, there exists2b b 1
 .  .a solution x g C of Eq. 22 satisfying 12 , i.e.,
`
t Ax t s e j q O m s ds , as t ª `. 23 .  .  .H b / /t
5 5 n < <And by Theorem 2, if 0 - D F br F , then for every j g C with j - D`
 .  .there exist t G 0 and a solution x g C of Eq. 22 satisfying 23 .0 o
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w . n w x `  .Remark. If r : 0, ` = C ª 0, t is continuous and H m s ds - `0 `, r
for some r ) 0, then the assumption that et A be bounded may be
 .  .dispensed with as 23 is still valid use either Corollary 1 or 2 . In
 . nparticular, if m g L I for every r ) 0, then for each j g C there`, r 1
exists a solution satisfying the asymptotic formula
`
t Ax t s e j q O m s ds , as t ª `. .  .H ` , r /t
 .2.2 Consider the equation
x t s x t q sin x t y r t , x t y x t . .  .  .  . . . .Ç
w . w x  .Let r : 0, ` = C ª 0, t be continuous and assume that m g L I for`, D 1
all r ) 0. Applying Corollary 2, we obtain the following. Suppose j g C an
< <j - D. Then there exists a t G 0 such that the above equation has a0
 .solution x g C satisfying 16 , i.e.,o
`
tx t s e j q O m s ds , as t ª `. 24 .  .  .H ` , D / /t
 .Conversely, by Corollary 1, problem 19 has a solution x, defined for
 .  . < <t G t , satisfying either 16 or 24 , for some j with j F D.0
w xRemark. Cooke's theorem in 6 cannot be applied to an equation of
the type
x t s ax t y r t , x , a ) 0, 25 .  .  . .Ç
 .where m g L I for all r ) 0, which has the asymptotic behavior`, r 1
`
atx t s e j q O m s ds , as t ª `. 26 .  .  .H ` , r /t
w xAn example illustrating the case, r : I = R ª 0, t continuous with m g`
 .  .  2 2 .y1L I , is r t, u s 1 q t q u . Moreover, in this case, for every j g R1
 .  .there exists a solution x of Eq. 25 satisfying 26 .
 .2.3 The equation
x t s yax t y r x t , a ) 0, 27 .  .  . . .Ç
w x w x  .  .  .  .ya twhere r : yb, qb ª 0, t , r 0 s 0, and m t s sup r u g L I ,Ä < u < F b e 1
w x  .  .  .was studied by Cooke in 6 . We note that m t s m t and so l g L I .Ä b b 1
< <By Theorem 2, if j g R with j - b, there exist t G 0 and a solution0
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 .x g C of Eq. 5 satisfyingo
`
ya tx t s e j q O m s ds , as t ª `. 28 .  .  .H b / /t
 .Remark. The interval of admissible j satisfying 28 is clearly larger
w xthan that found by Cooke in 6 .
 .3 Let us now look at a concrete example. Consider the equation
x t s y t q 1 x t q x t y sin2 tx t , .  .  .  .Ç  .
i.e.,
2x t s ytx t q x t y sin tx t y x t . 29 .  .  .  .  .Ç  .
 .In this case A t is unbounded, and for D ) 0 we have
m t s sup sin2 tz F D2 t 2eyt 2 . .` , D
2t r2< <e z FD
 . t 2 r2 y ty2.2 r2 2 2 yt 2Thus for t G 2 we have l t F te ? e ? D ? t ? e s`, D
2 3 y2q2 tyt 2  .D t e , whence l g L I .`, D 1
< <Now, by Corollary 2, if j g R with j - D the there exist t G 0 and a0
 . w .  .solution x of Eq. 29 , defined on t , q` , which satisfies 12 , i.e.,0
x t s eyt 2 r2 j q O eyt 2 r2 , as t ª `. 30 .  . . .
 .Remark. For any D ) 0, m g L I . Thus for any j g R, there exist`, D 1
w .  .an interval t , q` and a solution x of Eq. 29 , defined on this interval,0
 .which satisfies 30 .
 .4 Consider now for t G a ) 0 the equation
0 1
a 1x t s x t y r t , x t , 31 .  .  . . .Ç y 1 y y 02 / tt
which represents a delay-Bessel equation.
`  .  .Suppose that H m t dt - `. Since A t is bounded, the functionb
 . 5 5 4 < y1 . < 5 5 `  .m t Max A , m F t F is also bounded and H l t dt - ` if2t t t b
`  .  .H m t dt - `. Now, by Theorem 1, Eq. 31 has a solution x, defined onb
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w .  .t , q` , which satisfies 16 , i.e.,0
`
x t s F t j q O m s ds , as t ª `. 32 .  .  .  .H b / /t
 .A fundamental matrix of the equation x s A t x satisfies the asymptoticÇ
formula
eit 0y1r2F t s t I q o 1 , as t ª `. .  . .yi t /0 e
w x  .See 12 . Therefore 32 becomes
i t `e 0y1r2x t s t I q o 1 j q O l s ds , as t ª `, .  .  . . H byi t  / / /0 e t
< < w xfor some j with j F D. See 13]16 .
 .5 Let
x t s ytx t q f x t y r x t y x t , .  .  .  . . . .Ç
w x  .  .where f : y2, q2 ª R is defined by f x s x sin 1rx if x / 0 and
 . w x w x  . 2f 0 s 0, and r : y1, q1 ª 0, 1 is defined by r z s z . In this case
<  . < < <  . <  .  . <  . < <f x F x , and there is no m t such that f x y f y F m t x y y for
w xall t g I and x, y g y2, q2 . Now
m t s sup r z s eyt 2 . .  .b
y1 . 5 5F t z Fbr F s1`
 . 5 5 4 < y1 . < 5 5  . 2 ty2Then, for t G 2, l t s Max A , 1 ? F t ? F ? m t s te ?2b t t b
yt 2 1 . n < <e g L I . Next, by Theorem 2, if j g R with j - b s 1, there exist a
 .  .t G 0 and a solution x of Eq. 5 satisfying 16 , i.e.,0
x t s eyt 2 r2 j q O eyt 2 r2 , as t ª `. .  . .
 .6 Consider the equation
x t s yx t y x t . 33 .  .  . .Ç
w x w x  . < <  .  .In this case, r : I = y2, q2 ª 0, 2 , r t, x s x , A t s y1, and m tb
yt  .s 2 ? e . Thus l g L I .b 1
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By Theorem 1, if c g R and t G 0 are such that0
` `
< < < <c q 3 ? D l s ds s c q 6 l s ds F 2, 34 .  .  .H Hb b
t t0 0
 . yt 0and if f g L satisfies f t s e c, then there exists a continuoust , D 00w .  .function x : t y t , q` ª R which is a solution of 33 for t G t and0 0
<such that x s f andw t yt , t x0 0
x t s eyt j q O eyt , as t ª `, .  . .
< <where j F 2.
 .As the following example shows, if c and t fail to satisfy 34 then we0
w xcannot obtain the conclusions of Theorem 1. Let f : y2, 0 ª R be
defined by
1r33 7w xf t sy1 if t g y2, y1 , f t s tq1 y1 if t g y1, y , .  .  . 2 8
and
10 7f t s t q 1 if t g y , 0 . . 7 8
< t  . < w xThis initial function satisfies ef t F 2 on y2, 0 . Take c s 1. It is
 .  . 3r2easily seen that the solutions x t s t q 1 and x t s t q 1 y t do1 2
< t  . <   .not satisfy the condition e x t F 2 for t G 0 x is a solution of 33 only2
w x.  .on 0, 1r4 and neither one satisfies 16 .
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